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Abstrat
We onsider some lassial bre bundles furnished with almost omplex
strutures of twistor type, dedue their integrability in some ases and study
self-holomorphi setions of the general twistor spae, with whih we dene a
new moduli spae of omplex strutures. We also reall the theory of ag mani-
folds in order to study the Siegel domain and other domains alike, whih are the
bres of various sympleti twistor spaes. We prove they are all Stein. In the
ontext of a Riemann surfae, with its anonial sympleti-metri onnetion
and loal struture equations, the moduli spae is studied again.
Key Words: linear onnetions, twistor bundle, moduli spae.
MSC 2000: Primary: 30F30, 32L25, 53C15; Seondary: 53C28.
These remarks on omplex bundles of omplex strutures have the purpose of
realling the study of the twistor spae of a sympleti manifold (M,ω), as initiated
in [1℄, by showing a olletion of reent results. The presene of a preferred sympleti
onnetion ∇ is assumed, so we are also studying these dierential operators.
1
The author aknowledges the support of Fundação para a Ciênia e a Tenologia, either through
POCI/MAT/60671/2004 and through CIMA-UE.
1
R. Albuquerque 2
Sympleti onnetions are quite diult to desribe (f. [5℄). Also intriguing is
the relevane of the sympleti analogue of the Penrose twistor spae, whih requires
a sympleti onnetion where the latter requires a metri onnetion. Appliations
in physis of sympleti twistors, in the way of the elebrated Riemannian ase, have
not appeared so far in the literature.
In the onstrution of bundles with omplex strutures one may admit to have
a onnetion with torsion. Reall we may only have a ovariant derivative with,
simultaneously, ∇ω = 0 and vanishing torsion if, and only if, dω = 0. This is
somewhat lose to our theorem 1, generalizing another of Koszul-Malgrange sine it
does not require integrability of the omplex struture on the base spae.
The pseudo-holomorphi setions j of the (general) twistor bundle are onsidered
in setion 1.2; satisfying a 1st order equation, we believe they might bring more
interesting information in relation with twistors. We found it is possible to dene a
moduli spae of lasses of those almost-omplex strutures j, modulo the group of
ovariantly onstant dieomorphisms.
We prove further details on the manifold topology of sympleti twistor spaes
whose setions indue the pseudo-Kählerian metris on M . We reur to the theory
of omplex symmetri spaes in order to see other haraterizations of their standard
bres, whih are all Stein domains. With a Grassmannian ambient spae it is possible
to interhange between signatures. In partiular, we prove the fat that, from a
sympleti point of view, those bundles with their twistor omplex struture all satisfy
the respetive integrability equations envolving urvature and torsion if, and only if,
one of them does.
Finally we initiate some omputations for the ase of Riemann surfaes and relate
the moduli spae above to Teihmüller spae. We give oordinate struture equations
of the sheaf of holomorphi funtions.
We aknowledge very fruitful onversations with Prof. John Rawnsley, whih led
to some results here.
1 Complex bundles of omplex strutures and a new
moduli spae
1.1 Twistorial onstrutions
A twistor spae is an almost omplex bre bundle π : (Z, JZ) −→M over a real even
dimensional manifold M . By this denition, following the one introdued in [12℄, we
mean Z admits a smooth struture of ompatible harts and trivializations with a
given standard bre, in the sense of [17℄, and suh that the bres are almost omplex
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submanifolds. Usually, the omplex tangent bundle to the bres ker dπ is denoted by
V due to familiar identiation with a vertial distribution.
Let FM be the frame bundle of M , let 2n be the dimension of M and let
Z0 = FM/GL(n,C) = FM ×GL(2n,R) GL(2n,R)/GL(n,C). (1)
The projetion from the frames p ∈ FM , p : R2n → TxM, x ∈ M , is dened by
p 7→ pJ0p−1, with J0 some xed linear omplex struture of R2n. Z0 is the bundle
of omplex linear strutures on the tangents of M , alled the general twistor spae
of M when it aquires a Penrose almost omplex struture J∇ indued by a linear
onnetion ∇ on M .
Now let Z be as previously. Then we have a ommutative diagram
Z
f−→ Z0
ց ւ
M
(2)
where the map f is dened as the omplex struture on Tpi(z)M indued by the
isomorphism dπ : TzZ/V → Tpi(z)M , transporting the omplex struture from one
spae to the other, ∀z ∈ Z. This is, f(z) is the naturally indued omplex struture
of the quotient spae onjugated by the quotient map dπ.
There are two very distint ases that the map f may assume.
One is preisely when Z is a Penrose twistor spae, a omplex subbundle of Z0,
with the Penrose almost omplex struture J ∇. Then f is just the inlusion map
Z →֒ Z0. The two most familiar subases are Zg and Zω, respetively, the orientation
and metri g-ompatible, and the sympleti ω-ompatible and tamed omplex linear
strutures on the tangent spaes of, respetively, a Riemannian (M, g) or an almost-
sympleti manifold (M,ω).
Here is the general proedure to onstrut J ∇. The vertial distribution V has a
natural symmetri spae omplex struture: vetors A ∈ Vj , j ∈ Z0, are endomor-
phisms of E = π∗TM whih anti-ommute with j, hene left multipliationA 7→ jA is
learly a map with square −1. The so alled horizontal distributionH∇, suplementary
to the vertial one, is given by the kernel of
π∗∇·Φ, (3)
where Φ is the anonial setion Φj = j ∈ EndE. Up to isomorphism dπj : H∇ →
Tpi(j)M , eah j beomes the horizontal omplex struture itself, thus living with this
ubiquitous harater. Adding up, we have J ∇ on TZ0 = H∇ + V preserving suh
splitting (f. [3, 4, 12℄).
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The integrability equations of J ∇ are well known: the urvature tensor must
satisfy j−R(j+ , j+ )j+ = 0, ∀j ∈ Z0, where j± = 1
2
(1∓ ij) are the projetions inside
TM c onto the eigenspaes of j. If ∇ has torsion, then the ondition j−T (j+ , j+ ) =
0, ∀j ∈ Z0, must also be fulleld. Note R, T are real tensors, so if we onjugate the
equations we get equivalent statements with R, T again.
The seond ase we would like to desribe arises from a spae Z = Q×UN , where Q
is a prinipal U-bundle overM with a U-onnetion, U is a Lie subgroup of GL(m,C)
and N is a U-invariant omplex manifold. We suppose furthermore that there exists
a bre preserving smooth map f : Z → Z0. Then Z inherits an almost-omplex
struture exatly by the same proedure as above: we just keep the vertial omplex
struture invariantly from N and put dπ|
−1f(z)dπ| on every horizontal H∇z , ∀z ∈ Z.
Deduing the integrability of this well dened struture seems rather diult.
The most ommon situation where the setting ours is when M itself admits
an almost omplex struture j ∈ Γ(M ;Z0) (denoted by the same letter used for the
points in twistor spae). The map f in this ase is just a onstant on eah bre, ie.
f = jπ. Moreover, if we want π to be a pseudo-holomorphi projetion, then f must
be jπ. The integrability equations are given next.
Theorem 1. Suppose Z = Q×U N , f = jπ as above and Q ⊂ FMC, the bundle of
omplex frames. Then J j is integrable if and only if j is integrable and the urvature
satises R(j− , j− ) = 0, ie. R(0,2) = 0.
Proof. Notie we just have to prove the result for Z = Q as a prinipal GL(m,C)-
bundle, sine the omplex onnetion extends trivially to FMC, and thene the result
follows easily with any U-holomorphi invariant fator N (note U may then be a real
Lie group). If Q is odd real-dimensional, then one vertial diretion is lost when we
pass to a quotient, without aeting the indued omplex struture.
Let θ be the soldering 1-form on Q, θp = p
−1dπ, ∀p ∈ Q, and let α, ρ be, respe-
tively, the onnetion and urvature 1- and 2-forms on Q. Dening J j over Q by the
proedure desribed, makes the omponents of α, θ beome generators of the spae
of (1, 0)-forms. Indeed, α is already C-valued and its kernel H∇ is losed under J j .
For θ we have
θpJ j = p−1dπJ j = p−1jpi(p)dπ =
√−1θp.
Now reall the omplex struture is integrable i the spae of germs of (1, 0)-forms
generates a d-losed ideal in Ω∗(C). On the prinipal bundle of all frames we have,
dθ = τ − α ∧ θ. With omplex frames, we use the projetion j+ : TM c → TM+ and
nd dθ is type (2, 0)+(1, 1) i τ (0,2) = 0. On the baseM this is learly j+T (j− , j− ) =
0. However, this is the Nijenhuis tensor j+[j− , j− ]. Hene the ondition is the same
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as the integrability of j. The well known formula ρ = dα + α ∧ α assures us that dα
has no (0, 2) omponent i the same happens with R. 
Exatly by the same proof but with omplex harts in the plae of θ, we get
the Koszul-Malgrange theorem, whih states that any omplex vetor bundle over a
omplex manifold with a omplex onnetion suh that R(0,2) = 0, is a holomorphi
vetor bundle. Moreover, the latter is the unique holomorphi bundle struture with
a same ∂, namely ∇(0,1).
This distint ase is indeed less onneted with the Penrose twistor onstrution
ase than one would think on a rst reading. Notie we required a omplex onnetion
and omplex Lie group rather than the real setting of twistors. One may onsult [12℄
to notie the dierenes in detail.
Finally there is a third ase to be onsidered. Again we assume the manifold
M is furnished with an almost omplex struture j and a real linear onnetion ∇
reduible to a prinipal G-bundle of frames Q ⊂ FM . For the purpose, the Lie
group G may be understood as a Lie subgroup of the general linear group. We let
J0 ∈ GL(2n,R)/GL(2n, J0) be xed and let H = {g ∈ G : gJ0 = J0g}.
Then a twistor spae Z = Q×G GH may be dened with an almost omplex struture
denoted J j: the vertial part is given by the usual bre struture and the horizontal
part assumes the xed j, via dπ| : H∇ → π∗TM . For G 6= H , this struture is never
integrable.
1.2 Pseudo-holomorphi omplex strutures
We start by a denition. Let j, j1 ∈ Γ(M ;Z0) be two almost omplex strutures on
the smooth manifold M . A linear onnetion is said to satisfy ondition A(j, j1) if
∇X+,jX+,j1 ⊂ X+,j1 (4)
where X+,ji is the spae of (1, 0)-type vetor elds for the struture ji. This denition
generalizes the ase A(j, j) rst studied in [13, 14℄.
Proposition 1. Given a manifold M with a linear onnetion ∇ and three setions
j, j1, j2 : M → Z0, we have:
(a) j1 is (j2,J j)-holomorphi if and only if j2 = j and A(j, j1) is satised;
(b) in partiular, j is (j,J j)-holomorphi if and only if A(j, j) is satised;
() j1 is (j,J ∇)-holomorphi if and only if j1 = j and A(j, j) is satised.
Proof. A map j1 is (j2,J j)-holomorphi i dj1(j2X) = J jdj1(X), ∀X ∈ TM . For
the horizontal part we push forward this equation using dπ and get j2X = jX . For
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the vertial part we apply the projetion π∗∇·Φ just to nd
π∗∇dj1(j2X)Φ = Φj1
(
π∗∇dj1(X)Φ
)
.
This is equivalent to (j∗1π
∗∇)j2Xj∗1Φ = j1((j∗1π∗∇)Xj∗1Φ). Sine j∗1Φ = j1 and j∗1π∗ =
1, we get ∇j2Xj1 = j1∇Xj1  whih is equivalent to ondition A(j2, j1) = A(j, j1).
The rest of the proof is as easy as the previous. 
If ∇ is torsion free, ondition A(j, j) implies j integrable. Conversely, if the
setting is that of a pseudo-Riemannian triple (g,∇LC, j) and dimM > 2, then the
integrability of j implies A(j, j), f. [2, 14℄.
Notie J j is never integrable, so we shall follow on with two results on the general
well known twistor spae. Reall the ation of DiM on the spae of linear onne-
tions, by ane transformation, f. [10℄. A dieomorphism g of M ats on X, the Lie
algebra of vetor elds, and hene on ∇:
(g · ∇)XY = g · (∇g−1·Xg−1 · Y ) where (g ·X)x = dg(Xg−1(x)),
∀X, Y ∈ X. The subspaes of torsion free or at onnetions are preserved. (On
a pseudo-Riemannian setting, by uniqueness, the ation of isometries in Levi-Civita
is trivial; but in a wider ontext one must treat it with more irumspet.) The
dieomorphism g also transforms almost omplex strutures: j 7→ j˜ = dg j dg−1.
In virtue of ase  of the proposition above, let us all self-holomorphi to those
j's whih satisfy ondition A(j, j).
Proposition 2. Suppose j is self-holomorphi and g ·∇ = ∇ for some dieomorphism
g of M . Then j˜ is self-holomorphi.
Proof. It is known that a dieomorphism g on the base manifold indues a pseudo-
biholomorphismG along g on the twistor spae. Indeed, G(j0) = dg j0 dg
−1
, ∀j0 ∈ Z0,
so πG = gπ, and it was proved that dGJ∇ = J g·∇ dG (f. [1, 2℄ for two distint
proofs). Now notie j˜ = G ◦ j ◦ g−1. Then
dj˜y j˜y = dG dj dg
−1(dg jg−1(y) dg
−1
y )
= dGJ ∇djg−1(y) dg−1y
= J g·∇ dG dj dg−1y = J ∇ dj˜y
as we wished 
If we work on the sympleti ategory, then we may prove the onverse: if g is a
sympletomorphism and j˜ is self-holomorphi, then g · ∇ = ∇. This follows as easily
as above, proving G is biholomorphi for J ∇ and then applying [1, orollary 4.1℄.
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What we have just proved is that there is a good moduli spae of self-holomorphi
almost omplex strutures:
M∇ = {j ∈ Γ(M ;Z
0) : j is self-holomorphi}
Diff(M,∇) (5)
where Di(M,∇) := {g ∈ Diff(M) : g · ∇ = ∇}, the isotropy subgroup of ∇.
For example, let us take a Kähler manifold (M, j0, 〈 , 〉) and let ∇ denote the
Levi-Civita onnetion. Then j0 itself shows M∇ is non-empty.
Remark: The anti-self-holomorphi almost omplex strutures j ∈ Γ(M ;Zg) in a
Riemannian twistor spae, endowed with the Levi-Civita onnetion, orrespond to
the almost-Kähler omplex strutures in the lassiation of Gray-Hervella. Indeed,
the equation is
j∇XjY − j∇jXY +∇jXjY +∇XY = 0 (6)
∀X, Y ∈ TM . These setions give a moduli spae just as above and we reall
Di(M,∇) is bigger than the isometry group in general (f. [11℄). Also, notie the
twistor spae inherits a metri aording to its indued tangent bundle deomposition,
whih, over the image of the embbeding j, is given by
g(X, Y ) + tTr (∇Xj ◦ ∇Y j), (7)
t ∈ R. The indued Kähler form of the seond parel has been studied in the ontext
of Kähler-Einstein manifolds ( [15℄) and our methods may relate to the Goldberg
onjeture  any ompat almost-Kähler Einstein manifold is Kähler-Einstein.
2 On the twistor spae of a sympleti manifold
2.1 Linear omplex strutures
Let us take a path towards the desription of the omplex strutures ompatible with
a non-degenerate 2-form. Let V be a xed real vetor spae of even dimension 2n
and onsider the spae of all omplex strutures in V . The ation of the real GL(V )
shows J (V ) = GL(V )
GL(V,J)
. As a homogeneous spae, the tangent spae to J (V ) at J is
identied with
m
J
= {A ∈ gl(V ) : AJ = −JA} , (8)
whih is losed under left multipliation by J itself, hene one may prove the spae
is a omplex symmetri spae. Aording to
gl(V )c = gl(V )⊗ C = gl(V, J)c +m+
J
+m−
J
(9)
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eah A equals (J+AJ+ + J−AJ−) + J+AJ− + J−AJ+. In sum, J (V ) has a unique
GL(V )-invariant omplex struture whose (1, 0)-tangent spae at J is m+
J
.
We now speialise to a subspae of J (V ). Suppose ω is a sympleti form on the
real vetor spae V . Let J(V, ω, ∗) = {J ∈ J (V ) : ω = ω1,1 for J}. Then for any
vetors X, Y ,
0 = ω(X − iJX, Y − iJY ) = ω(X, Y )− ω(JX, JY )− i(ω(X, JY ) + ω(JX, Y )),
so the new imposed ondition is the same as J being a sympleti linear transformation
of V , or what is alled `ompatible' with ω. Consider the symmetri form gJ = ω( , J ).
This non-degenerate inner produt has even signature, say (2n − 2l, 2l) for some
0 ≤ l ≤ n, sine any maximal subspae where it is positive denite is also J-invariant.
We denote by J(V, ω, l) the n + 1 onneted omponents, as we shall see aording
to the index l, of the disjoint union J(V, ω, ∗).
Proposition 3. (i) None of the J(V, ω, l) are empty.
(ii) The ation of Sp(V, ω) on J(V, ω, l) is transitive.
Proof. (i) It amounts to show that it is possible to nd a basis both sympleti and
gJ -orthogonal. Reall that a basis {Xm} is alled sympleti if the matrix of ω is
J0 =
[
0 −1
1 0
]
,
so that Xm+n = J0Xm for m ≤ n and J0 is a omplex struture.
Let X, Y ∈ V \{0} be suh that ω(X, Y ) = ±1 (there exists suh a pair). Now,
with the non-degenerate ω restrited, V1 =
{
U : ω(X,U) = ω(Y, U) = 0
}
= {X, Y }ω
is a sympleti vetor spae. Assuming the result true by indution for n − 1, we
nd the new basis on V1 and a omplex struture on V1. Rearranging terms together
with X = −JY and Y = JX we nd the full basis we required, the index remaining
a simple ombinatorial problem. Also V1 beomes the orthogonal omplement of
{X, Y }. We proved the existene of sympleti bases and the existene of ompatible
omplex strutures for any l.
(ii) Now let J be given and let
Ql =
[
1n−l,l 0
0 1n−l,l
]
. (10)
1n−l,l is the matrix of the inner produt x1y1+. . .+xn−lyn−l−xn−l+1yn−l+1−. . .−xnyn.
So far we have proved there exists g ∈ Sp(V, ω) whih transforms, say, the rst
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sympleti basis {Xm} into a new one both orthogonal and sympleti. Heneforth
g satises the equations
gtJ0g = J0 and − gtJ0Jg = Ql.
(The neessity of the − sign here beomes obvious when we do l = 0, J = J0.) Thus
gtJ0 = J0g
−1
and hene g−1Jg = J0Ql. It is trivial to see J0 ommutes with Ql, so
we have a omplex struture J0Ql in the same J(V, ω, l) as J and onjugate to J . 
Therefore
J(V, ω, l) =
Sp(V, ω)
U(n− l, l) , (11)
a quotient by the pseudo-unitary group. Fixing any ompatible J with index 2l, we
have an inner automorphism g 7→ −JgJ of GL(V ) whih preserves Sp(V, ω) and the
respetive U(n− l, l). Appealing to the theory we observe that the subspaes we have
just been desribing are symmetri-subspaes of J (V ) (f. [11℄). Clearly J ∈ u(n−l, l)
too, so there is a diret sum
sp(V, ω) = u(n− l, l) +ms
J
(12)
where ms
J
= sp(V, ω) ∩ m
J
. One easily heks that ms
J
is preserved under left multi-
pliation by J , thus the J(V, ω, l) are also omplex submanifolds of J (V ).
Now we reall the Siegel upper half spae or Siegel domain
Dn =
{
z ∈ C 12n(n+1) : z symmetri, ℑz positive denite} (13)
where the elements z are n × n matries with omplex entries. G = Sp(2n,R) ats
transitively on Dn by
(g, z) 7−→ g · z = (az + b)(cz + d)−1, g =
[
a b
c d
]
∈ G, (14)
where a, b, c, d are square matries. To see that this is well dened and the ation is
transitive we appeal to [16℄. Easy enough is that the stabiliser of i1 is the subgroup
of those g for whih d = a and c = −b, that is, the subgroup U(n). Hene we reover
J(V, ω, 0).
Now we look at Dn as an open omplex manifold.
Proposition 4. The map φ : Dn → J(V, ω, 0) given by
x+ iy 7−→
[
xy−1 −xy−1x− y
y−1 −y−1x
]
(15)
is a G-equivariant anti-biholomorphism.
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Proof. Of ourse φ(i1) = J0. Suppose g ∈ G is suh that
g · i1 = x+ iy.
Then φ(x+ iy) must be equal to gJ0g
−1
. Using the well known relations between the
four squares inside g, whih also give g−1, we an use the equation above to write
gJ0g
−1
in terms of x and y. Or rather one an hek diretly that the matrix presented
is a true element of J(R2n, ω, 0). By onstrution, φ is G-equivariant.
Sine G ats by rational maps in variable z, hene by holomorphi transformations
of Dn, we may onlude that multipliation by i in TDn agrees with a G-invariant
omplex struture. It remains to show that this is the same as right multipliation
by J0 in m
s
J0
, up to the isomorphism
dp| : m
s
J0
−→ Ti1Dn
arising from the projetion p : G→ Dn, g 7→ g · i1. If we denote
E =
[
e1 e2
e3 e4
]
and g(t) = exp(tE) =
[
at bt
ct dt
]
,
then the following derivative taking plae at point 1 makes sense.
dp(E) =
d
dt |t=0
(ati+ bt)(cti+ dt)
−1
= a˙0i+ b˙0 − i(c˙0i+ d˙0) = (e1 − e4)i+ e2 + e3.
Now the result
dp(J0E) = (−e3 − e2)i+ e1 − e4 = −i dp(E)
is immediate to hek. 
One may give simple ounter-examples to prove that the obvious generalisation
of the above to any signature does not hold.
Let us digress in searh for a ompat symmetri spae in whih to embed all the
J(V, ω, l). We appeal to the theory of ag manifolds and paraboli subgroups, as
explained in [6, 7℄.
Let GC be a onneted semisimple omplex Lie group and gC its Lie algebra.
Reall a paraboli subgroup P is the normaliser in GC of a paraboli subalgebra of
gC , this is, a omplex Lie subalgebra p whih ontains a maximal solvable subalgebra
of gC , or a Borel subalgebra. Thus,
P =
{
g ∈ GC : Ad (g)p ⊂ p}.
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The theory shows that Lie(P ) = p and that, if K is a ompat real form of GC , then
F =
GC
P
≃ K
K ∩ P
beause K ats transitively on GC/P (K has losed image on F ). These ompat
and omplex spaes are the so alled ag manifolds. If G is a non-ompat real form
(thus semisimple) of GC then it may not at transitively on F . On the other hand G
is everything but solvable. The open orbits of this ation are alled ag domains.
Applying this theory to Sp(2n,C) with its two anonial real forms we are able
to dedue the omponents of J(V, ω, ∗) are disjoint ag domains in the ag manifold
Sp(n)/U(n). We shall prove this in the following lines.
To simplify notation let V = R2n so that Sp(V c, ω) = Sp(2n,C) := GC . Notie
GC ats holomorphially on the Grassmannians Gr(k, 2n) of omplex k-planes (but
not transitively). Notie that the stabilizer PΠ of a point Π of the Grassmaniann is
also a omplex subgroup.
We are partiularly interested in the ase k = n. A quik omputation shows that
this
P = {g ∈ Sp(2n,C) : gΠ ⊂ Π} (16)
is neither the smallest nor the largest subgroup we an ahieve with those ations
(perhaps the smallest subgroup is the ase when k = [n/2]). However, our P is still
big enough.
Lemma 1. The maximal solvable subalgebra r in the Lie algebra p of P is maximal
solvable in sp(2n,C) := gC, ie. r is a Borel subalgebra of gC.
Proof. Just from the theory of solvable Lie algebras over algebraially losed elds,
one onludes that all solvable s in gl(C2n) preserve some n-plane (its elements are all
representable in triangular form for a same basis). So any maximal solvable s ⊂ gC
will preserve an n-plane. By onjugation with some g ∈ GL(2n,C) we nd sg ⊂ p and
sg = r to be maximal in gC . To see that inlusion, notie the subgroup P oinides
with the stabilizer of the r-stable n-plane. 
Thus, P is a paraboli subgroup and has the `right' dimension. For the omputa-
tion of the dimension we apply some ideas whih J. Rawnsley explained to us.
The theory above gives a framework for studying these problems.
Lemma 2. Consider the plane Π = {(x, 0) : x ∈ Cn}. Then
P =
{[
a ae
0 a−1
t
]
: a ∈ GL(n,C), e = et ∈ gl(n,C)
}
. (17)
Moreover, we may write P = GL(n,C)⋊ C
n(n+1)
2
.
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Proof. Let g ∈ P . By denition,
g
[
x
0
]
=
[
a b
c d
][
x
0
]
=
[
∗
0
]
implies c = 0. Also g ∈ GC , so[
at 0
bt dt
][
0 −1
1 0
][
a b
0 d
]
=
[
0 −at
dt −bt
][
a b
0 d
]
=
[
0 −1
1 0
]
and we nd d = a−1
t
, dtb = btd. Equivalently, d = a−1
t
and b = ae with et = e. 
Now we take a digression on the real forms of GC , some of whih we do not really
need. First we see P ∩ U(2n− 2l, 2l) = U(n− l, l). The proof is that[
at 0
(ae)t a−1
]
Ql
[
a ae
0 a−1t
]
=
[
at1n−l,la a
t1n−l,lae
(ae)t1n−l,la (ae)
t1n−l,lae + a
−11n−l,la−1
t
]
= Ql
if and only if a ∈ U(n − l, l), e = 0. The matrix Ql is from (10). Sine GC/P is
onneted, arguing with dimensions we nd
GC ∩ U(2n− 2l, 2l)
U(n− l, l) ⊂
GC
P
=
Sp(n)
U(n)
, (18)
where GC ∩ U(2n − 2l, 2l), l 6= 0, n, are the non-ompat real forms of GC and
Sp(n) = GC ∩U(2n) = U(n,H) is the well known ompat real form of GC . The last
equality in (18) relies on the fat that the orbit of Sp(n) in GC/P must be open and
losed.
On the other hand, orbits of Sp(2n,R) are only loally losed. The open ones,
the ag domains, ertainly appear when H = PΠ ∩ Sp(2n,R) has the lowest possible
dimension as Π varies. From 18 above we know this has to be n2. Depending on the
signature over Π of the metris given by h(w1, w2) = iω(w1, w2), leads to the solutions
Hl = U(n− l, l). The n-planes are spanned by
e1 + if1, . . . , en−l + ifn−l, en−l+1 − ifn−l+1, . . . , en − ifn (19)
where {ej, fj}1≤j≤n is a sympleti basis.
Thus we may laim to have onstruted a holomorphi embedding
J(V, ω, l) =
Sp(2n,R)
U(n− l, l) −→
GC
P
=
Sp(n)
U(n)
(20)
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and a ommutative diagram follows:
J(V, ω, ∗) φ−→ Gr(n, V c)
ց ր
Sp(n)/U(n)
(21)
where the map on the top is J 7→ V ′′ = V −. We shall all real-Lagrangians the
n-dimensional ω-isotropi C-subspaes W of V c suh that W ∩W = 0.
Notie the rst P in lemma 2 was the stabilizer of a Lagrangian n-plane Π, sine
(x, 0)J0(y, 0)
t = (x, 0)(0, y)t = 0, but not a real-Lagrangian.
Proposition 5. The map φ is a holomorphi embedding and has image the loally
losed manifold RLag(n, V c) of real-Lagrangian subspaes.
Proof. Sine V ′′ = V ′, the map is injetive, and by denition V ′′ = φ(J) is isotropi.
Now let W ∈ Gr(n, V c). To any g ∈ GL(V c,C) we assoiate a sequene
W
g|−→ V c p−→ V
c
W
with p only depending on W . Therefore Gr(n, V c) = GL(V
c,C)
{g=0}
where g = p ◦ g| and
hene
TW Gr(n, V
c) =
gl(V c,C)
{X = 0} ≃ Hom
(
W,
V c
W
)
where ≃ stands for X ≃ p ◦X|W . Now for real g ∈ GL(V,R)
φ(g · J) = {v : gJg−1(v) = −iv} = gV ′′.
Hene dφ : m
J
→ TV ′′ Gr(n, V c) satises dφ(A) = A and so
dφ(JA) = −dφ(AJ) = −p ◦ AJ|V ′′ = i p ◦ A|V ′′ = i dφ(A).
Notie we proved the whole embedding of J (V ) in Gr(n, V c) is holomorphi.
Now assume W ∈ RLag(n, V c). Clearly ω : V c × V c → C is non-degenerate, so
the maximal dimension an isotropi subspae an attain is preisely n. Indeed, we
have a general formula, dimW + dimW ω = 2n, where W ω is the ω-anihilator of W .
With the above one proves that the hemi-symmetri form on W dened by
h(w1, w2) = iω(w1, w2) = −iω(w2, w1) = h(w2, w1)
is non-degenerate for real lagrangian W . Aording to the signature of this pseudo-
metri we may then dene J ∈ J(V, ω, l) by Jw = −iw, ∀w ∈ W , and Jw = iw,
hene suh that φ(J) =W . It is trivial to see J is real. For example
Jw = Jw = iw = Jw.
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We have proved φ is a biholomorphism onto the aforesaid manifold. Notie also
RLag(n, V c) = {W : W ∩W = 0} ∩ {W : W = W ω}.
Here, the rst set is open in the Grassmannian and the seond is losed. 
The above is only part of either the ell or the algebrai struture of the Grassman-
nian. We will not pursue these in this work. As an example, in V c = C2 every line
(1-plane) is Lagrangian and there is a irle S1 in P 1(C) of non-real lines. The open
hemispheres are the two Siegel domains D1 = J(R2, ω, 0) ≃ D and −D1 = J(R2, ω, 1).
Notie also the following result whih was not so lear before, due to phenomena
like pseudo-onvexity.
Corollary 1. All J(V, ω, l) are Stein spaes, l = 0, . . . , n.
Proof. Conjugating by some non-real Sp(V,C) element yields a biholomorphism to
J(V, ω, 0). The Siegel domain is Stein (it is onvex) and being Stein is preserved by
biholomorphism, hene the result. 
2.2 Integrability equations of sympleti twistor spae
Any given 2n-dimensional real manifold M endowed with a non-degenerate 2-form
ω has assoiated to it a bundle Zω,l of linear omplex strutures whih we all the
sympleti twistor spae. The standard bre is J(V, ω, l), where V is the standard
sympleti vetor spae. We have already mentioned Zω = Zω,0.
With a linear onnetion ∇ suh that ∇ω = 0, we may dene the Penrose almost
omplex struture J∇ on any sympleti twistor spae Zω,l, f. setion 1. The
integrability equations were realled in the same setion. It is not obvious that they
are equivalent for dierent l, ie. independent of the onneted omponents of Zω,∗
(assuming M is onneted).
Proposition 6. The almost omplex struture J ∇ is integrable on some Zω,l if, and
only if, it is integrable on all.
Proof. Let x ∈M and V = TxM . Consider rst the torsion equation:
J+T (J−X, J−Y ) = 0 ∀X, Y ∈ TxM and J ∈ Zω,lx . (22)
Fix J0l in this set. Then (22) is saying that T takes values in the largestG = Sp(V,R)-
invariant subspae of torsion-like tensors suh that
J+0lT (J
−
0l
X, J−0lY ) = 0. (23)
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Indeed, sine (gJ0lg
−1)+ = g(1− iJ0l)g−1 = gJ+0lg−1, we have that
J+0l (g
−1 · T )(J−0lX, J−0lY ) = J+0lg−1T (gJ−0lX, gJ−0lY )
= g−1(g · J0l)+T ((g · J0l)−gX, (g · J0l)−gY )
and hene T is in the subspae i g−1 · T is in the subspae, i T satises (22) for
J = g · J0l. These are ideas from [12℄.
Notie suh subspae of the spae of torsion tensors is immersed in a GC-spae T
of omplex linear tensors dened by the same ondition (23); suh mapping is indued
by omplexiation, ie.
{all torsion tensors} = ∧2V ⊗ V −→ ∧2V c ⊗c V c.
We an now pass to another J(V, ω, l′) by ating on J0l with an element of G
C\G, as
we saw in (20). Sine T is GC-invariant, this spae is the same for all l and hene the
result.
Finally, analogous arguments follow for the urvature ondition, this time with
the G-subspae sitting in
∧2V c ⊗c S2V c
sine sp(V,R) = S2V . 
We remark additionally that the theory of representations says the irreduible
omplex Sp(2n,C)-spaes are againC-isomorphi to some ∧qV c⊗cSpV c, with p, q ≥ 0.
As we proved, there is no greater advantage for sympleti geometry in onsidering
the whole Zω,∗,  rather than its 0-omponent.
3 The twistor spae of a Riemann surfae
Let (M, g0) be a Riemann surfae, where g0 = h dzdz denotes the metri in a loal
onformal oordinate z (this is known to exist, a result due to Gauss). So we are
xing a preferred omplex struture on M . We have h = 2g0(∂z , ∂z) > 0, where
z = x+ iy and ∂z =
1
2
( ∂
∂x
− i ∂
∂y
)
(24)
and thus ω = ih
2
dz ∧ dz is the Kähler form.
Now the sympleti twistor spae of M is the spae Zω desribed in previous
setions, with bre identied with the Poinaré disk, SL(2)/U(1) = D; it admits a
real smooth hart (z, w). The seond variable appears as follows. Any point j ∈ Zω
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is given by its (1, 0)-line in TM ⊗ C (notie the onjugation map is in the C fator,
irrespetive of the hosen j). Then we pik a standard generator of suh line:
v = ∂z + w∂z. (25)
With the hosen hart z, the parameter w determines TM1,0,j univoally. As well as
the metri gj = ω( , j ) with g0 orresponding to a setion w ≡ 0. Now the ondition
−iω(v, v) > 0 gives
h dz ∧ dz(∂z + w∂z, ∂z + w∂z) = h(1− ww) > 0 ⇐⇒ |w|2 < 1, (26)
hene the Poinaré disk. It is easy to see that a onformal hange in oordinates
∂
∂z1
= ∂z
∂z1
∂
∂z
yields the hange in twistor spae oordinates w1 = w
∂z
∂z1
/ ∂z
∂z1
.
Let us now take the Levi-Civita ∇ for the preferred metri g0. ∇ is also a omplex
onnetion, hene ∇dz = α ⊗ dz, with α ∈ Ω1,0. We easily dedue α = −h−1∂h =
−h−1 ∂h
∂z
dz, just from equation ∇g0 = 0 and the fat that ∇ is real. Moreover,
∇dz = α⊗ dz.
Let us denote by u the unique generator of H∇1,0,j , j = (z, w), whih projets to
v:
u = ∂z + w∂z + p∂w + q∂w (27)
with p, q to determine. Then
0 = (π∗∇uΦ)v = π∗∇uiv − Φπ∗∇uv
= (i− Φ)π∗∇∂z+w∂z+p∂w+q∂w(∂z + w∂z)
= (i− Φ)(∇∂z+w∂z∂z + q∂z + w∇∂z+w∂z∂z)
= (i− Φ)(∇∂z∂z + w∇∂z∂z + q∂z + w∇∂z∂z + w2∇∂z∂z)
= (i− Φ)h−1
(
∂h
∂z
∂z +
(
hq + w2
∂h
∂z
)
∂z
)
.
The result is again a (1, 0, j)-vetor, hene a multiple of v:
∂h
∂z
∂z +
(
hq + w2
∂h
∂z
)
∂z = λ∂z + λw∂z
from whih we get the value of q:
q = h−1w
(∂h
∂z
− w∂h
∂z
)
. (28)
Writting another omputation for (π∗∇uΦ)v = 0, we get p:
0 = (i+ Φ)π∗∇∂z+w∂z+p∂w+q∂w(∂z + w∂z)
= (i+ Φ)
(
w∇∂z∂z + w∇∂z∂z + p∂z)
= (i+ Φ)
(
wh−1
∂h
∂z
∂z + wh
−1∂h
∂z
∂z + p∂z
)
.
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Again we have an equation
wh−1
∂h
∂z
∂z + wh
−1∂h
∂z
∂z + p∂z = λ∂z + λw∂z for some λ
⇐⇒ p = h−1w(w∂h
∂z
− ∂h
∂z
)
. (29)
Having found p, q it is onvenient to hek the integrability of J ∇. This will onrm
that we made the orret hoies of orientation (for it is known that dierent hoies on
one diretion, horizontal or vertial, indue a non-integrable almost omplex struture
on twistor spae). Indeed, the Lie braket of the two given independent (1, 0)-vetor
elds is
[u, ∂w] = [∂z + w∂z + p∂w + q∂w, ∂w] =
∂p
∂w
∂w, (30)
again a (1, 0)-vetor eld (sine ∂q/∂w = 0).
Example. Consider the same setting as above, with z as ane oordinate of pro-
jetive spae (S2, g0, ω)  Fubini-Study is the round metri. Then ZωS2 admits the
following non-trivial setion, for eah k > 0:
w(z) =
|z|k
1 + |z|2k = w(z1) =
z1
2
z21
w1(z1) (31)
(invariane of w under oordinate hange z1 = 1/z being a oinidene). Indeed,
|w| < 1, ∀z, k. We remark that in this ase h = 1
1+|z|2
and thus p = hw(z − wz).
Proposition 7. A funtion f ∈ C∞Zω is J ∇-holomorphi if and only if
∂f
∂w
= 0, h
∂f
∂z
+ hw
∂f
∂z
+ w
(∂h
∂z
− w∂h
∂z
) ∂f
∂w
= 0. (32)
Proof. These equations orrespond to ∂w(f) = 0 and u(f) = 0. 
Corollary 2. A setion j of the twistor spae, in oordinates j(z) = (z, w(z)), is
self-holomorphi i
w
(
w
∂h
∂z
− ∂h
∂z
)
+ h
∂w
∂z
+ hw
∂w
∂z
= 0. (33)
Proof. j is self-holomorphi i f ◦ j is j-holomorphi, ∀f ∈ OZω . The result follows
from the omputation of h d(f ◦ j)(∂z + w∂z) =
= h
(
∂f
∂z
+
∂f
∂w
∂w
∂z
+
∂f
∂w
∂w
∂z
+ w
(∂f
∂z
+
∂f
∂w
∂w
∂z
+
∂f
∂w
∂w
∂z
))
= −hw∂f
∂z
− w
(∂h
∂z
− w∂h
∂z
) ∂f
∂w
+ h
∂f
∂w
∂w
∂z
+ hw
∂f
∂z
+ hw
∂f
∂w
∂w
∂z
,
whih must vanish. We then may devide by the generi
∂f
∂w
. 
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Now we remark a point j may also be desribed by
j(∂z) = i
1 + |w|2
1− |w|2∂z +
2iw
1− |w|2∂z , j(∂z) =
−2wi
1− |w|2∂z − i
1 + |w|2
1 − |w|2∂z . (34)
Hene, when j is any setion, there is an assoiated metri onM given by gj = ω( , j ),
whose rst fundamental form is desribed in the preferred hart by
gj11 := gj(∂z, ∂z) = h
1 + |w|2
1− |w|2 = hl, gj11 := gj(∂z, ∂z) =
−2hw
1− |w|2 = hm. (35)
Notie l, m are well dened funtions of (z, w) and l + wm = 1.
ReallM∇ dened in (5) and applied to the present situation; it projets to a sub-
spae of the Teihmüller spae TM of M : any lass represented by a self-holomorphi
j represents a lass in TM , whih is the set of all omplex strutures modulo the group
Di
+(M) of orientation preserving dieomorphisms (f. [8℄).
Notie Diff+(M,∇) is not a normal subgroup in the whole transformation group.
However, we may still think of omparing those spaes to understand how many
distint lasses has a point in TM (we refer to [911, 18℄ for more details). We reall
TgDiff
+(M) ≃ XM and TgDiff+(M,∇) ≃ {X ∈ XM : LX∇ = 0}. The latter may
be nite dimensional, as the example Diff+(R2, d) = GL(2) ⋉ R2 already omputed
in [1℄ shows.
Another problem onsists in nding how do self-holomorphi j distribute. The
only ase we an solve is the following. On a germ of a Riemann surfae with metri
h (as above) a onstant, then the Banah tangent spae at w to the spae of self-
holomorphi maps is given by the spae of smooth C-valued bounded funtions F
suh that
∂F
∂z
+
∂(Fw)
∂z
= 0 (36)
We nd this by dierentiating (33) and referring to [8℄. This equation is a variant of
the Beltrami equation for quasionformal mappings.
In the ase of the germ of an open subset of R2 with anonial metri, and therefore
with ∇ = d, we get the tangent spae to the w = 0 setion as the set of holomor-
phi funtions F , whih is a set onsiderably larger than TDiff+(R2, d), as we saw
previously.
Heneforth there is hope in nding one non-trivial lass of self-holomorphi om-
plex struures j.
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